Introduction
In this chapter, the following abbreviations are used: Variable-denominator IIR VFD filters as VdIIR VFD filters. Fixed-denominator IIR VFD filters as FdIIR VFD filters. Allpass VFD filters as AP VFD filters. FIR VFD filters the same as FIR VFD filters. Symbol t is used to represent fractional delay (instead of the symbol d normally used to denote the operation of differentiation). Five frequently referenced design methods are abbreviated for ease of reference in Sections 5-8 as: (Zhao & Kwan, 2007) as (ZK); as (KJ); (Tsui et al., 2007) as (TCK); (Lee et al., 2008) as (LCR); and (Lu & Deng, 1999) 
as (LD).
Variable fractional delay (VFD) digital filters have various applications in signal processing and communications (Laakso et al., 1996) . So far, finite impulse response (FIR) VFD digital filters have been studied and a number of design methods (Deng, 2001; Deng & Lian, 2006; Lu & Deng, 1999; Tseng, 2002a; Zhao & Yu, 2006) have been advanced. Since the frequency response of an FIR VFD filter is a linear function of its polynomial coefficients, an optimal design can be obtained by numerical procedures Tseng, 2002a; Zhao & Yu, 2006) or in closed forms (Deng, 2001; Deng & Lian, 2006; Lu & Deng, 1999) . In contrast to FIR VFD filter design, allpass (AP) VFD filter design faces additional challenges due to the existence of a denominator. Since allpass VFD filters have fullband unity magnitude responses, the problem of designing an allpass VFD filter is to minimize the approximation error of phase or group delay response between an allpass VFD filter to be designed and the ideal one. A number of algorithms (Lee, et al., 2008; Tseng, 2002a Tseng, , 2002b have been proposed based on this strategy. Another property of allpass VFD filters which has been exploited in Deng, 2006) is the mirror symmetric relation between the numerator and the denominator. Such algorithms Deng, 2006) minimize the approximation error in terms of frequency responses of the denominator. The resulting problem is nonconvex, which is either simplified and solved as a quadratic programming (QP) problem with positiverealness-based stability constraints, or solved (Deng, 2006) in closed-form.
Results obtained in indicate that general infinite impulse response (IIR) digital filters exhibit lower mean group delay (compared to allpass digital filters) and wider band characteristics (compared to allpass and FIR digital filters) in VFD filter design. In general, general IIR VFD filter design methods Kwan & Jiang, 2007 Tsui et al., 2007; Zhao & Kwan, 2005 can be classified as two-stage approach and semi-integrated approach. Under the two-stage approach Kwan & Jiang, 2007 Zhao & Kwan, 2005 , a set of stable IIR digital filters with sampled fractional delays (FDs) are designed first, and then the polynomial coefficients are determined by fitting the obtained IIR FD filter coefficients in the least-squares (LS) sense. Under the semi-integrated approach (Tsui et al., 2007) , direct optimization is carried out on the polynomial coefficients of each filter coefficient of the numerator. In Kwan & Jiang, 2007; Zhao & Kwan, 2005 , both the numerator and denominator coefficients are variable. In Tsui et al., 2007) , only the numerator coefficients are variable. In (Kwan & Jiang, 2007) , both variable and fixed denominators are considered.
In this chapter, sequential and gradient-based methods are applied to design IIR VFD filters with variable and fixed denominators, but unlike (Kwan & Jiang, 2007) , these methods are integrated design methods. Second-order cone programming (SOCP) is used to formulate the problem in the sequential design method, and in the initial design of the gradient-based design method. An advantage of using the SOCP formulation of the problem is that both linear and (convex) quadratic constraints can be readily incorporated. On the other hand, unlike the design algorithm of (Tsui et al., 2007) , which models the denominator and optimizes the numerator separately, the proposed methods optimize them simultaneously during the design procedures. As described in this chapter, the sequential and especially the gradient-based design methods could achieve some improved results as compared to (a) our previous designs presented in (Zhao & Kwan, 2007) for variable-denominator IIR VFD filters, in and (Tsui et al., 2007) for fixed-denominator IIR VFD filters, and in for allpass and FIR VFD filters; and (b) the allpass (Lee et al., 2008) and the FIR (Lu & Deng, 1999 ) VFD filters of other researchers. A preliminary version of the sequential design method can be found in . The chapter is organized as follows: In Section 2, the weighted least-squares (WLS) design problem is formulated. A sequential design method is introduced in Section 3. Then, a gradient-based design method is introduced in Section 4. Four sets of filter examples are presented in Section 5 and their design performances using the proposed and a number of other methods are analyzed in Section 6. Section 7 gives a summary of the chapter. Finally, conclusions are made in Section 8.
Problem formulation
Let the ideal frequency response of a VFD digital filter be defined as
where 0 < α < 1, D denotes a mean group delay, and t denotes a variable fractional delay within the range of [−0.5, 0.5 
where 
In (21), Re{·} denotes the real part of a complex variable. In (24), the superscript H represents the conjugate transpose of a complex-valued vector or matrix. Using (21), the cost function of (19) can be expressed in the following quadratic form
where
, and . denotes the Euclidean norm of a vector. In (29), the decision variables are x (l) and ε (l) . The constraint (29a) is a hyperbolic constraint, which can be further transformed into a second-order cone (SOC) constraint.
To guarantee the stability of a design obtained by (29), either the stability constraints (34) or (35) are to be incorporated into (29). Also, to improve the numerical robustness of the sequential design procedure, the filter coefficients x (l) are updated using the iteration scheme Lu et al., 1998; Lu, 1999; Tsang, 2004; Tsang & Lee, 2002) as
where 0 < λ < 1 is a relaxation constant, and Ψ represents the mathematical operation of mapping a x (l-1) to a solution x (l) by (29). Our design experience indicates that generally λ can be chosen within the range [0.1, 0.5]. A larger λ could cause numerical instability. Stability guarantee and robustness improvement serve different purposes and do not affect each other.
The sequential design procedure continues until the following condition is satisfied where μ is a specified positive small tolerance and J(x) is the cost function defined in (19). The stopping criterion (31) means that the sequential design procedure is to be terminated as the WLS error cannot be further reduced in a meaningful manner. It should be emphasized that if [J(x (l-1) )−J(x (l) )]/J(x (l-1) ) < 0, we have J(x (l-1) ) < J(x (l) ), which means the performance of the current design is worse than that of the previous design, the filter coefficients obtained at the previous iteration through (30) should be restored and adopted as the final design.
Stability consideration
The IIR VFD filter designed by the sequential design procedure presented in Section 3.1 cannot definitely guarantee the stability of obtained IIR VFD filters. Therefore, stability constraints have to be incorporated. For ease of explanation, a stability constraint based on the positive realness is first introduced for designing IIR VFD filters with the fixed denominator. Then, the stability constraint can be readily extended to the case of designing IIR VFD filters with the variable denominator.
A sufficient condition for the stability of designed IIR digital filters has been introduced in (Dumitrescu & Niemistö, 2004) , which is stated as: If Q (l-1) (z) is a Schur polynomial, i.e., all the roots of Q (l-1) (z) lie inside the unit circle, and the transfer function
then all the convex combination of Q (l-1) (z) and
, is a Schur polynomial. According to this condition, a stability domain with an interior point q (l-1) can be defined as D s = {q (l) | R (l) (z) is SPR}. Note that the condition that R (l) (z) is SPR is equivalent to requiring that
is real and positive on the unit circle. Since the denominator of (33) is always positive on the unit circle, it follows that the symmetric numerator polynomial of (33) must be positive on the unit circle for ω [0, π] , which can be cast as a linear matrix inequality (LMI) constraint independent of frequency ω (Dumitrescu & Niemistö, 2004) . Here, the stability constraint R (l) (e jω )+R (l) (e -jω ) > 0 can be expressed in the form of linear inequality constraints as
where ν is a specified small positive number. If variable denominator is utilized in H(z,t), the term q (l)T φ 2 (e jω ) in (34) should be replaced by b (l)T u 2 (e jω ,t). Thereby, (34) can be expressed as www.intechopen.com 
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Gradient-based design of IIR VFD digital filters
In this section, a gradient-based design method for IIR VFD digital filters is presented. An initial design is first obtained by solving a SOCP problem, and a local search procedure is then applied to refine the design.
Initial design using SOCP
IIR VFD filter design using optimization is a non-convex problem and there could be many local minima on its error performance surface. Also, a large IIR VFD filter design problem involves many variables (N+1)(K 1 +1)+M(K 2 +1). In order to obtain a good initial design that would lead to a satisfactory final design, consider the following initial design problem derived from (19) by applying the Levy's method (Levy, 1959) on e(w,t) to obtain e(w,t)Q(e jw ,t) as
where G, g, and c can be readily obtained by replacing the weighting function W (l-1) (ω, t) of (22) 
where the matrix G = G 1/2 .
Stability consideration
In order to guarantee the stability of a designed IIR VFD filter, stability constraints should be incorporated in (37). The linear stability constraints (34) or (35) can be directly incorporated into the design problem (37). Besides (34) or (35), the following strategy can also be employed to ensure the stability. It is known that by suppressing 2 ( ) q t , the poles can be forced to move towards the origin in the z-plane (Zhao & Kwan, 2007) . To do so, a regularization term defined in (38) below is introduced as 
By combining J 2 (x) with the cost function J 1 (x) of (36) through a regularization coefficient , the design problem (36) is then formulated as
(
In (42), 0 m×n represents a zero matrix of size m-by-n. The design problem (41) can then be formulated as a SOCP problem similar to (37) as
Local search
Although both the design problem (37) subject to stability constraints (34) or (35) and the design problem (43) are convex and can be efficiently solved, the obtained design in either case may not be a truly (locally) optimal design in the WLS sense, since the cost function J 1 (x) of (36) is not equivalent to the original one in (19). Therefore, a local search should be performed to locate the local optimum near the initial design (obtained by solving (37) with appropriate stability constraints (34) or (35) or by solving (43)). Here, a general-purpose gradient-based optimization algorithm (e.g., quasi-Newton) is employed to achieve a local optimal design. Normally, such an algorithm requires a designer to provide subroutines to calculate the function value and the gradient at a given point. Thus, the formulas to calculate the gradients of J(x) defined in (19) can be derived as 
In (44)- (45), the subscript * denotes complex conjugate operation. It is noted that if an initial design is stable, the IIR filter obtained by the local search is stable. It is because if any of the poles moves close to the unit circle, it will create a large approximation error; and in case the situation that a pole and a zero nearly cancel or cancel each other emerges, the error performance will degrade due to a reduced filter order. Since a gradient-based algorithm can only find local minima around an initial design, if pole-zero cancellation does not appear in an initial design, pole-zero cancellation is not likely to appear in the subsequent local search using a gradient-based algorithm. Furthermore, the step size of a gradient-based algorithm can be automatically adjusted to guarantee that the obtained filter in each iteration stays inside the stable domain. The above scheme works well in all our designs. In the designs, the optimization command 'fminunc' in MATLAB was adopted to perform the local search. The stability of a designed VdIIR VFD filter is ensured if its maximum pole radius is within the unity circle at each of the fractional delay values obtained from a dense grid of fractional delay t  [-0.5, 0.5]. On the other hand, the stability of a designed FdIIR VFD filter can simply be checked by ensuring its maximum pole radius is within the unity circle.
Design specifications
In this section, four sets of filter examples are presented to demonstrate the effectiveness of the sequential and gradient-based design methods. For a fair comparison, at each of the four specified cutoff frequencies, all the three types (IIR, allpass, and FIR) of VFD filters are specified to have the same number of variable coefficients, i.e., (N+1)(
where M AP and L FIR denote, respectively, the filter order of an allpass VFD filter and the filter order of an FIR VFD filter. To achieve a good IIR VFD filter design based on a general IIR digital filter, the denominator order needs not be as high as the numerator order. Therefore, in each of the IIR VFD filter designs, the denominator order M is chosen to be 6 which is smaller than the corresponding numerator order N. The filter specifications of the IIR VFD filters with variable and fixed denominators are summarized in Table 1 whereas the design specifications of allpass and FIR VFD filters are summarized in Table 2 .
www.intechopen.com The respective mean group delay is somehow related to (a) the numerator and denominator orders, N and M, for an IIR VFD filter; (b) the filter order M AP of an allpass VFD filter; and (c) the filter order L FIR of an FIR VFD filter. In Tables 1 and 2 Table 1 for all the IIR VFD filter design methods allows a comparison of their relative performances in order to determine the best design method upon which its best mean group delay value that yields a minimum e rms can be determined by simulations to be described in Section 6.2. The design results obtained by the proposed designs are compared with those of the IIR VFD filters with variable denominators designed by (ZK), the IIR VFD filters with fixed denominators designed by (KJ) and (TCK), the allpass VFD filters designed by (KJ) and (LCR), and the FIR VFD filters designed by (KJ) and (LD). For fair comparisons, the weighting function W(ω,t) in (19) and (36) is always set equal to 1 for ω [0, απ] and t [−0.5, 0.5]. The relaxation constant λ used in (30) and the tolerance μ used in the stopping criterion (31) are chosen as 0.5 and 10 -4 , respectively. The stability constraints (35) are imposed on 21×21 discrete points evenly distributed over the domain [0, π] × [−0.5, 0.5]. For K 2 = 0, the stability constraints (34) are imposed on 21 frequency points, which are equally spaced over the range [0, π] . The parameter ν in (34) and (35) are chosen as 10 -3 . The optimal value of  used in (46) is 10 -10 (except for VdIIR VFD filters at  = 0.9625,  = 10 -9 ; and for www.intechopen.com
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FdIIR VFD filters at  = 0.9,  = 0). At each iteration, the SOCP problems in (29), (37) and (43) are solved using SeDuMi (Sturm, 1999) under MATLAB environment.
Performance analysis 6.1 Error measurements and stability check
To evaluate the performances of each designed VFD filter, the maximum absolute error e max , and the normalized root-mean-squared (RMS) error e rms of its (a) frequency responses, (b) magnitude responses, and (c) fractional group delay responses are adopted and they are defined, respectively, by 
where In (53), τ(ω,t) denotes the actual fractional group delay of a designed VFD filter. Since the design problem is formulated in the WLS sense (see (19)), so the e rms of the frequency responses is the most appropriate criterion for comparisons among different design methods. In case two designs have the same e rms , other error measurements shall be compared. For each of the designed VdIIR VFD filters and AP VFD filters, a uniform grid consisting of 1001 discrete fractional delay values t were used to ensure all these 1001 VFD filters are stable. By checking individual maximum pole radius to be within the unity circle, each of the designed VFD filters has been verified to be stable.
IIR VFD filter performances
Based on the design specifications of Table 1 , the error performances of the designed IIR VFD filters are summarized in Tables 3-4 . The keywords adopted in Tables 3-4 are defined as follows: The "Sequential design" refers to the minimization problem defined by (29) subject to (a) stability inequality constraints (35) for VdIIR VFD filter design; and (b) stability inequality constraints (34) for FdIIR VFD filter design. The "Gradient-based design with (35)" refers to the minimization problem defined by (37) subject to stability inequality constraints (35) for an initial VdIIR VFD filter design, and followed by a local search. The "Gradient-based design with (34)" refers to the minimization problem defined by (37) subject to stability inequality constraints (34) for an initial FdIIR VFD filter design, and followed by a local search. The "Gradient-based design with (43)" refers to the minimization problem defined by (43) for an initial VdIIR or FdIIR VFD filter design, and followed by a local search. Within each of the four sets of designs, the relative e rms (in frequency responses) performances are ranked from top to bottom as shown in Tables 3-4 . The top performer of each IIR VFD design method in Tables 3-4 is listed in Table 5 .
As shown in Table 5 , the e rms performances among the VdIIR VFD filters can be summarized as follows: The top performers for 0.95    0.9625 are the gradient-based designs with (35). The top performers for 0.9    0.925 are the gradient-based designs with (43). The bottom performer is the two-stage design of (ZK). The performance of the sequential designs (29) ranks at the middle between the designs of (ZK) and the gradient-based designs with (35) and with (43). As also shown in Table 5 , the e rms performances among the FdIIR VFD filters can be summarized as follows: The top performers for 0.925    0.9625 are the gradientbased designs with (43) but has an average performance for  = 0.9. The top performer for  = 0.9 is the gradient-based design with (34) which has close but lower performances than those of the gradient-based designs with (43) 
Allpass and FIR VFD filter performances
The error performances of the AP VFD filters designed by (KJ) and (LCR) and the FIR VFD filters designed by (KJ) and (LD) are summarized in Table 6 . In general, the two AP VFD filters achieve e rms improvements over the two FIR VFD filters (except for (LD) at  = 0.9625).
The top e rms performances of the AP VFD filters are (KJ) for 0.925    0.9625 and (LCR) for  = 0.9.
Optimal gradient-based designs with (43)
It can be observed in Tables 3-4 that the error performances of VdIIR and FdIIR VFD filters at any specified cutoff frequency is a function of the mean group delay value D. To investigate this property further, consider the case of the gradient-based design with (43) in Table 5 in which it ranks top among VdIIR VFD filters for 0.9    0.925 and ranks top among FdIIR VFD filters for 0.925    0.9625. For each of the four cutoff frequencies, the error performances of the gradient-based designs with (43) for VdIIR and FdIIR VFD filters versus mean group delay D (at a step size of 3) are, respectively, summarized in Tables 7-8 and their corresponding e rms values versus D are plotted in Figs. 1-8 . From Tables 7-8, their mean group delay values D that yield minimum e rms values are summarized in Table 9 . For comparisons, the e rms performances of the AP and FIR VFD filters from Table 6 are also  listed under Table 9 . The magnitude responses and group delay responses of the widest www.intechopen.com
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band designs at α = 0.9625 obtained by the VdIIR and FdIIR VFD filters shown in Table 9 The relationship between numerator and denominator orders, and optimal mean group delay of a VdIIR or FdIIR VFD filter is a subject of interest. Table 10 summarizes such relationships among those VdIIR and FdIIR VDF filters listed in Table 9 . It can be observed from Table 10 that as  changes from 0.9    0.9625, the ratio D/(N+M) changes from 0.64 to 0.67 for VdIIR VFD filters, and changes from 0.57 to 0.55 for FdIIR VFD filters. Also, as seen from Figs. 1-8 , for the higher wideband side with  = 0.9625 and 0.95, there is a mean group delay value that yields a minimum e rms value; but for the lower wideband side with  = 0.925 and 0.9, each of the mean group delay curves shows that e rms becomes lower much earlier at smaller D before reaching its minimum e rms value. In other words, the mean group delay requirement is lower for lower wideband cutoff frequencies. From Table 10 , in general, the VdIIR VFD filters require slightly higher optimal mean group delay values D than those of the corresponding FdIIR VFD filters. Table 9 . Performances (e rms ) of VFD filters selected from Tables Tables 3-5 and 9 . Using the same number of distinct variable coefficients at each of the four specified wideband cutoff frequencies, design results indicate that: (a) When compared to the corresponding FIR VFD filters (KJ; LD) shown in Table 6 : As seen from Table 5 , all the design methods (except (ZK)) for VdIIR and FdIIR VFD filters could achieve improved e rms performances. (b) When compared to the corresponding AP VFD filters (KJ; LCR) shown in Table 6 , the following VdIIR VFD filters could achieve improved e rms performances: (i) (29) over (LCR) for  = 0.9625 (see Table 5 ); (ii) (35) over (KJ; LCR) for  = 0.9625 and over (LCR)
for  = 0.95 (see Table 5 ); and (iii) (43) over (KJ; LCR) for 0.925    0.9625 (see Table 9 ). (c)
When compared to the corresponding AP VFD filters (KJ; LCR) shown in Table 6 , the following FdIIR VFD filters could achieve improved e rms performances: (i) (29) over (LCR) for  = 0.9625 (see Table 5 ); (ii) (34) over (KJ; LCR) for  = 0.9625 and over (LCR) for  = 0.95
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(see Table 5 ); (iii) (43) over (KJ; LCR) for  = 0.9625 and over (LCR) for  = 0.95 (see Table 9 ); (iv) (KJ) over (LCR) for 0.95    0.9625 (see Table 5 ); and (v) (TCK) over (LCR) for  = 0.9625 (see Table 5 ).
Due to the mirror symmetric coefficient relation in an allpass VFD filter and for stability reason, it is a common practice to select its mean group delay to be the same as its filter order. Based on Table 10 , as α decreases from 0.9625 to 0.9, the reductions in mean group delay values of (a) VdIIR VFD filters versus AP VFD filters range approximately from 1.5 to 1.6 times; and (b) FdIIR VFD filters versus AP VFD filters are higher and range approximately from 1.7 to 1.6 times.
The maximum pole radius versus fractional delay t of the four VdIIR VFD filters as listed in Table 9 and the four AP VFD filters designed by (KJ) and (LCR) are plotted with 1001 points, respectively, in Figs. 13-15. Figs. 13-15 indicate that all the three types of variabledenominator designs are stable; and the maximum pole radius at any t reduces as the passband cutoff frequency is lowered. As a general trend, it can be observed from the results that the error performances of each type of the VdIIR VFD filters, the FdIIR VFD filters, the AP VFD filters, and the FIR VFD filters improves along with a reduction in filter order with decreasing passband cutoff frequency . 
Summary
This chapter introduces an integrated design of IIR variable fractional delay (VFD) digital filters with variable and fixed denominators. Both sequential and gradient-based design approaches in the weighted least-squares (WLS) sense are adopted. The results obtained are compared to other design methods for IIR, allpass, and FIR VFD filters. In the sequential design method, the Levy's method is adopted along with an iterative reweighting technique www.intechopen.com
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to transform the original nonconvex approximation error into a (convex) quadratic form. The design problem (at each iteration) can be further cast as a second-order cone programming (SOCP) problem. The stability of such a designed IIR VFD filter can be ensured by imposing a set of linear stability constraints derived from a sufficient condition in terms of the positive realness. In the gradient-based design method, a simple SOCP problem is first formulated using the Levy's method. The design is then refined through a local search starting from the initial design obtained. The stability of the initial filter can be ensured by the linear positive-realness based stability constraints or with the use of a regularization term aimed to suppress the energy of the denominator coefficients. Four sets of wideband filter examples are adopted with performances analyzed to illustrate the performances of the proposed design methods.
Conclusions
In this chapter, an integrated sequential design method and an integrated gradient-based design method for IIR VFD filters with variable-denominator and fixed-denominator have been presented. In contrast to the previous two-stage design methods, by merging the polynomial coefficient fitting into each respective integrated design, the approximation error caused by a separate polynomial coefficient fitting stage is eliminated. Also, instead of modeling denominator and optimizing numerator in separate steps, each of the sequential and gradient-based design methods jointly optimizes the numerator and denominator coefficients. Consequently, during the design procedure any change on any numerator or denominator coefficient can be utilized to optimize all the numerator and denominator coefficients in the subsequent design procedure. This facilitates the search of a better design in the coefficient vector space. The results of four sets of wideband filter examples designed using the proposed design methods, the VdIIR VFD (ZK) and the FdIIR VFD (KJ; TCK) design methods, and a number of AP VFD (KJ; LCR) and FIR VFD (KJ; LD) design methods indicate that IIR VFD filters could achieve some e rms improvements over the other two types of VFD filters along with reduced mean group delays when compared to AP VFD filters. In particular, e rms improvements can be observed in (a) the proposed gradient-based VdIIR design (with (43)) for wider band designs with 0.925 ≤ α ≤ 0.9625; and (b) the proposed gradient-based FdIIR design (with (43)) for the widest band design with α = 0.9625. For narrower band designs such as α = 0.9, e rms improvements become obvious in the AP VFD designs (KJ; TCK). In term of design complexity, the FIR VFD designs (KJ; LD) remain to be the simplest. Finally, it should be emphasized that the error performances of a VFD filter design depend not only on the type (IIR, AP, and FIR) of VFD filters, but also depend on the effectiveness of its design method.
